
This article was downloaded by: [Tomsk State University of Control Systems
and Radio]
On: 19 February 2013, At: 12:57
Publisher: Taylor & Francis
Informa Ltd Registered in England and Wales Registered Number: 1072954
Registered office: Mortimer House, 37-41 Mortimer Street, London W1T 3JH,
UK

Molecular Crystals and
Liquid Crystals Incorporating
Nonlinear Optics
Publication details, including instructions for
authors and subscription information:
http://www.tandfonline.com/loi/gmcl17

Theory of Liquid Crystalline
Phases in Amphiphilic Systems
M. P. Taylor a , A. E. Berger b & J. Herzfeld a
a Departments of Chemistry and Physics, Brandeis
Unversity, Walham, MA, 02254, USA
b Naval Surface weapons Center Silver Spring,
Applied Mathematics Branch, MD, 20910, USA
Version of record first published: 19 Dec 2006.

To cite this article: M. P. Taylor , A. E. Berger & J. Herzfeld (1988): Theory of Liquid
Crystalline Phases in Amphiphilic Systems, Molecular Crystals and Liquid Crystals
Incorporating Nonlinear Optics, 157:1, 489-500

To link to this article:  http://dx.doi.org/10.1080/00268948808080251

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://www.tandfonline.com/page/terms-
and-conditions

This article may be used for research, teaching, and private study purposes.
Any substantial or systematic reproduction, redistribution, reselling, loan,
sub-licensing, systematic supply, or distribution in any form to anyone is
expressly forbidden.

The publisher does not give any warranty express or implied or make any
representation that the contents will be complete or accurate or up to
date. The accuracy of any instructions, formulae, and drug doses should be
independently verified with primary sources. The publisher shall not be liable

http://www.tandfonline.com/loi/gmcl17
http://dx.doi.org/10.1080/00268948808080251
http://www.tandfonline.com/page/terms-and-conditions
http://www.tandfonline.com/page/terms-and-conditions


for any loss, actions, claims, proceedings, demand, or costs or damages
whatsoever or howsoever caused arising directly or indirectly in connection
with or arising out of the use of this material.

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

2:
57

 1
9 

Fe
br

ua
ry

 2
01

3 



Mol. Crysf. Liq. C y s t .  Inr. Nonlin. Opt.. 1988. Vol. 157. pp. 489-500 
Reprints available directly from the publisher. 
Photocopying permined by license only. 
0 1988 Gordon and Breach Science Publishen S.A. 
Rinted in the United States of America 

THEORY OF LIQUID CRYSTALLINE PHASES 
IN ~ I P H I L I C  SYSTEHS 

* 
M.P. TAYLOR, A.E. BERGER** and J. HERZFELD* * 
Departments of Chemistry and Physics, Brandeis ** University, Waltham, MA 02254, USA and Applied 
Mathematics Branch, Naval Surface Weapons Center, 
Silver Spring, MD 20910, USA 

Abstract: A variety of amphiphilic molecules reversibly 
aggregate to form polydisperse asymmetric particles 
that spontaneously align at sufficiently high 
concentrations. 
lattice description of excluded volume effects and a 
phenomenological description of aggregate assembly. 
Our earlier calculations restricted to the formation of 
rod-like aggregates, have now been extended to include 
the formation of plate-like aggregates. Thus two types 
of aligned phases are possible: axial, in which the 
average length of particle edges parallel to the 
director is greater than perpendicular to the director, 
and planar, in which the opposite occurs. When rod and 
plate growth are equally favored the calculated phase 
diagram displays a sequence of first order transitions 
from isotropic to axial to planar phases. Additional 
sequences of phase transitions calculated from this 
model are reported. 

Such systems have been modeled using a 

INTRODUCTION 

Surfactant molecules in aqueous solution spontaneously and 
reversibly assemble into micellar aggregates at a 
characteristic concentration, termed the critical micelle 
concentration (CMC). As the surfactant concentration is 
increased above the CMC the micelle population is modified 
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490 M. P. TAYLOR, A. E. BERGER AND J.  HERZFELD 

from an initial monodisperse distribution of spherical 
aggregates of a definite minimum aggregation number to a 
polydisperse distribution of rod-like and/or plate-like 
aggregates. 
asymmetric micelles will align, forming a variety of liquid 
crystalline phases. The most common of these being the 
hexagonal, lamellar, and cubic. Nematic phases of both 
axial and planar symmetry are also reported. 
behavior is highly dependent upon both ionic strength and 
temperature. It is remarkable that such simple binary 
amphiphile-water systems display such complex physical 
behavior and thus these systems have been the subject of 
extensive experimental and theoretical study.[1-3] 

In moxe concentrated solutions these 

This general 

The majority of the theoretical work has been directed 
towards an understanding of the aggregate assembly 
phenomena and the micelle size distribution in dilute 
isotropic systems.[4-71 
interest in describing the low-water, perfectly ordered 
phases seen in these systems.[8,9] 
very few attempts to theoretically describe the formation 
of liquid crystalline phases from the polydisperse 
isotropic phase or the transitions between such aligned 

phases.[lO,ll] 
to nematic transition in micellar systems restricted to the 
formation of rod-like aggregates.[l2] 
truncated virial expansion and thus were only able to 
explore a limited range of particle volume fractions. 
Herzfeld et al. have carried out a similar study using a 
lattice model which can be used to describe the phase 
behavior of a polydisperse collection of reversibly 
assembling particles over the complete range of particle 

There has also been theoretical 

However there have been 

McMullen e t  a l .  have studied the isotropic 

They employed a 
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THEORY OF AMPHIPHILIC LIQUID CRYSTALS 49 I 

concentrations.[l3] 
In this paper we present some preliminary results from 

our recent theory of phase behavior in reversibly 
assembling systems when both rod-like and plate-like 
aggregates may be formed. 
this work will be forthcoming. 

A more detailed description of 

THE MODEL 

We consider a polydisperse system of particles which can 
reversibly associate into rod-like and plate-like 
aggregates of arbitrary size. The free energy of such a 
system can be expressed in terms of interparticle and 
intraparticle interactions. In the present model we limit 

the interparticle interactions to hard core steric 
repulsions, an approximation which should be reasonable for 

nonionic surfactants and surfactant systems at high ionic 
strengths. 
the excluded volume and thus the configurational free 
energy of such a population of particles. 
particles are treated as rectangular parallelepipeds 
constrained to lie in the three mutually orthogonal 
directions of a cubic lattice: monomers are modeled as 
cubes of edge length one, minimum aggregates as DxDxD 

arrays of cubes, rod-like aggregates as DxDxI (I>D) arrays 
of cubes, and plate-like aggregates as Dxdlx12 (Il>D, d2>D) 
arrays of cubes (figure lb). The complete particle size 
and orientation distribution is given by co, the number 
concentration of monomers, c the number concentration of 

S '  

Lattice statistics can be utilized to calculate 

For this purpose 

ill12' the the quasi-spherical minimum aggregates, and c 
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492 M. P. TAYLOR, A. E. BERGER AND J. HERZFELD 

number concentration of aggregates of edge lengths D, 1, 

(Il=) and l2 (12>D) in the i, i+1, and 1+2 lattice 
directions respectively, where i-1,2,3 is taken under 

cyclic permutation. 

FIGURE 1. Aggregate geometry: (a) idealized particles 
in the form of spheres, rods and plates; (b) 
corresponding parallelepipeds for the cubic lattice, 

Using the refined latti 

configurational free energy 

kT) of 

fconfig - c o [In co - 6 

1 m  m 

e of Herzfeld [14] we compute a 
per unit volume (in units of 

+ c [In cs - < ]  S 
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THEORY OF AMPHIPHILIC LIQUID CRYSTALS 493 

3 
r 

+ aiXi 
i-1 

where E - [ 1 - 3 In c + In (1-v ) 1 ,  c is the lattice mesh 
size, v 
the total particle cross sectional area perpendicular to 
lattice axis i, and Xi is the total particle edge length 
parallel to lattice axis i. The first three terms in eq. 1 
arise from the entropy of mixing particles on the lattice 
and the last term accounts for the effects of excluded 
volume. e is the ratio between edge lengths of the solvent 
and solute molecules on the refined lattice and thus gives 
a measure of the intrinsic translational entropy of the 
individual solute molecules in dilute solution. 

P 
is the volume fraction of solute particles, ai is P 

A phenomenological free energy of association is used 
to describe the intraparticle interactions driving 
aggregate assembly by assigning a separate association 
energy to each particle geometry. Thus, imagining minimum 
aggregates as spheres, rod-like aggregates as cylinders 
with two hemispherical caps, and plate-like aggregates as 
rectangular plates with four half-cylinder edges and four 
quarter-sphere corners (figure la), three different energy 
parameters are required: one for spherical segments, one 
for cylindrical segments and one for plate-like segments. 
Accordingly, we define the average free energy of monomer 
addition to form spherical segments as -0 kT, to form 
cylindrical segments as -alkT, and to form plate-like 
segments as -0*kT. This leads to a total free energy of 
particle association per unit volume (in units of kT) of 

0 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

2:
57

 1
9 

Fe
br

ua
ry

 2
01

3 



494 M. P. TAYLOR, A. E. BERGER AND J .  HERZFELD 

3 4 )  m 

fassoc - cs GOD3 + 
i-1 11-D 12-D+1 

-D)+(L2-D) + G2D(Ll-D)(L2-D) 1 

[ 00~3 
I 

This approach is completely phenomenological, yet it 
captures the essential results of the more detailed models 
of micelle assembly and growth. 

Combining the above interparticle and intraparticle 
contributions leads to an expression for the total free 
energy of the system as a function of the complete particle 
size and orientation distribution. The actual equilibrium 

distribution of particles is determined by minimizing this 
total free energy over the set of all possible 
distributions. The resulting equilibrium distribution can 

be expressed in terms of a small number of parameters [15] 
as follows: 

where Pi is the probability of unidirectional growth in the 
i-th lattice direction and Q i 
bidirectional growth in the lattice plane perpendicular to 
the i-th lattice axis. This full equilibrium distribution 
is usually best computed using an iterative procedure 
similar to that previously employed for systems of 
monodisperse nematogens.[l6] However, in certain cases, 
this iteration is not well behaved and a non-linear 
minimization routine is used. The double infinite sums in 

is the probability of 
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THEORY OF AMPHIPHILIC LIQUID CRYSTALS 495 

(1) and (2) are evaluated using either a direct partial 
summation or by a double application of the Euler-Maclaurin 
summation formula.[l7] 
equilibrium particle size and orientation distribution, we 
are able to compute chemical potentials and thus determine 
the theoretical phase boundaries for this system. 

By determining the complete 

RESULTS 

In figure 2 we present a phase diagram, calculated with the 
above model, as a function of particle volume fraction and 
CP -@ 

minimum aggregation number of 43-64. 
its relation to the CMC. Specifically, the mole fraction 

of surfactant at the CMC is - exp(-QO) - 
the order of magnitude of those observed experimentally for 

large surfactants.[l] 
mind, we have taken 6-0.1. 

where D-4, CP0-24 and CP 4 D-4 corresponds to a 1 0  2 1' 
a0 has been chosen by 

a value of 

Again, with large surfactants in 

The general features of this diagram are as follows: 

(a) In the region O.lOs(@ - @  )<0.15 we have only an 1 0 -  
isotropic phase composed of an approximately equal mixture 
of small rod-like and plate-like micelles. For example at 
@ -CP 0.15, v -0.5 the number average particle anisotropy 
is (1 : 1 : 1.3) for rods and (1 : 1.3 : 1.3) for plates. 
(b) In the region 0.15s(@1-@0)~0.30 there is a first order 
transition between an isotropic micellar phase at low 
volume fraction and an aligned planar phase at higher 
volume fractions. 
broader with increasing Q1. 
anisotropies at @ -@ 0.25 are (1 : 2.5 : 2.5) on the 

1 0- P 

The coexistence region becomes markedly 
The average aggregate 

1 0- 
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496 M .  P. TAYLOR, A. E. BERGER AND J. HERZFELD 

isotropic side of the I-P transition (v -0.58) and 
(1 : 3.3 : 3.3) for particles in the preferred orientation 
on the planar side of the I-P transition (v -0.68). 
the region 0.30~(@~-@~)~0.40 we have a first order 
transition from an isotropic micellar phase to an aligned 
axial phase, via a very narrow two phase region, followed 
by a second first order transition, through a much broader 
mixed phase region, into an aligned planar phase. For 
@1-@o-0.35 the average particle anisotropies are 
(1 : 4.9 : 6.0) at the narrow I-A transition (v -0.18), P 
(1 : 3.2 : 17.3 ) for particles in the preferred 
orientation on the axial side of the A-P transition 

P 

(c) In P 

-0.32), and (1 : 10.5 : 10.5) for particles in the 
‘“P 
preferred orientation on the planar side of the A-P 
transition (v -0.50). 

P 

0 .  I 

0i-00 

0 . 4  
0 . 0  0 . 5  I .o  

“P 

FIGURE 2. 
D-4 and c-0.1. Phases are identified as I for 
isotropic micellar, A for axial anisotropic (average 
particle edge length parallel to the director greater 
than perpendicular), and P for planar anisotropic 
(average particle edge length perpendicular to the 
director greater than parallel). 

Calculated phase diagram for 40-24, a2d1, 
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THEORY OF AMPHIPHILIC LIQUID CRYSTALS 497 

Our identification of the aligned phases in this 
diagram simply as axial and planar is due to the fact that 
we can only determine the orientation dependence of the 
particle size distribution. 
possible positional order and thus we can not distinguish 
between the highly ordered hexagonal and lamellar phases 
and their less ordered nematic counterparts. 
particle sizes reported can not be used to make such a 
distinction either since the hexagonal and lamellar phases 
are not necessarily composed of "infinite" cylinders and 
bilayers, but may indeed consist of ordered arrays of 
finite aggregates.[l8] We should also note that the 
aggregate dimensions given above are averages over a 

polydisperse size distribution (as seen from eq. 3 ) .  

No account is taken of 

The average 

While the results in figure 2 are for the single case 
of Ql-Q2, by varying the difference between these two 
parameters we find a wide variety of phase behaviors. 
example when Q <a 
the following sequences of first order transitions: I+A'+A, 
I-rP+A, and I+A. Whereas for @ N (plate growth favored 
over rods) we see the sequences: I+A'+P'+P, I+P'+P, and 
I+P. We also note that when 
direct transition from monomer to a planar phase. 

For 

(rod growth favored over plates) we see 2 1  

2 1  

is small and Q14* we see a 0 

DISCUSSION 

The calculated phase diagram in figure 2 is qualitatively 
representative of the phase behavior of many binary 
surfactant-water systems. In figure 3 we reproduce a D
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498 M. P. TAYLOR, A. E. BERGER AND J .  HERZFELD 

schematic temperature-concentration phase diagram typical 

of such systems.[3,19,20] In the schematic diagram we note 

temperature regions displaying the following behaviors: (a) 

isotropic solution of micelles, (b) first order isotropic 

to lamellar (planar) transition, (c) first order isotropic 

to hexagonal (axial) transition followed by a cubic phase 
followed by a first order transition into a lamellar 

(planar) phase. Of course the similarities between figures 

2 and 3 rest on the assumption that our phenomenological 

parameters and @ -@ represent physical quantities which 

are relatively temperature insensitive. But in terms of 

concentration behavior our model does give a correct 

progression of phases with increasing surfactant volume 

fraction (noting that a cubic phase can not exist in our 

model). 

0 2 1  

200 

T (OC)  

0 

S o l u t e  Concent ra t ion  (Xw) 
0 50 100 

FIGURE 3. Schematic temperature-concentration phase 
diagram of a typical binary surfactant-water system. 
Phases are denoted as I for isotropic micellar, H for 
hexagonal, C for cubic, and L for lamellar. 
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THEORY OF AMPHIPHILIC LIQUID CRYSTALS 499 

The values we have used for our aggregation parameters 

(ao, a1 and ) accord well with theoretically derived 
quantities. In particular, detailed models of micelle 
formation yield values corresponding to - 10-20.[4-71 
These same theories also give values of (a1-OO) < -1, in 
agreement with the range we have considered. 
for ,a <a we predict that no particle growth occurs 
beyond the minimum aggregate, in further agreement with the 
above theories. 

2 

0 

In addition, 

1 2 0  

CONCLUSIONS 
We have presented a model describing reversibly assembling 
systems that contain polydisperse aggregates which can 
undergo alignment transitions to form liquid crystalline 
phases. 
phenomenological parameters we have calculated a phase 
diagram qualitatively representative of many binary 
surfactant-water systems. More generally, this model gives 
rise to a wide variety of phase behaviors which we are 
currently exploring. 

Using a specific set of reasonable 
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